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Magnetic Torquer Attitude Control via Asymptotic
Periodic Linear Quadratic Regulation

Mark L. Psiaki*
Cornell University, Ithaca, New York 14853-7501

A method of using magnetic torque rods to do three-axis spacecraft attitude control has been developed. The
goal of this system is to achieve a nadir-pointing accuracy on the order of 0.1-1.0 deg without the need for
thrusters or wheels. The open-loop system is underactuated because magnetic torque rods cannot torque about the
local magnetic field direction. This direction moves in space as the spacecraft moves along an inclined orbit, and
the resulting system is roughly periodic. Periodic controllers are designed using an asymptotic linear quadratic
regulator technique. The control laws include integral action and saturation logic. This concept has been studied via
analysis and simulation. The resulting closed-loop systems exhibit robustness with respect to parametric modeling
uncertainty. They converge from initial attitude errors of 30 deg per axis, and they achieve steady-state pointing
errors on the order of 0.5-1.0 deg in the presence of drag torques and unmodeled residual dipole moments.

I. Introduction

OST spacecraft have an attitude stabilization system. They

range from passivespin-stabilized' or gravity-gradientstabi-
lized 2 systems to fully active three-axis controlledsystems.? Point-
ing accuracies for such systems may range from 10 deg down to
10~* deg or better, depending on the spacecraft design and on the
types of sensors and actuators that it carries. The most accurate
designs normally include momentum wheels or reaction wheels.

This paper developsan active three-axisattitude stabilizationsys-
tem for a nadir-pointingspacecraft.It uses only magnetic torquerods
as actuators. Additional components of the system include appro-
priate attitude sensors and a magnetometer. The goal of this system
is to achieve pointing accuracy that is better than a gravity-gradient
stabilization system, on the order of 0.1-1 deg. Such a system will
weigh less than either a gravity-gradientsystem or a wheel-based
system, and it will use less power than a wheel-based system. Thus,
it will be ideal for small satellite applications, where weight and
power budgets are severely restricted.

There are two classic uses of magnetic torque rods in atti-
tude control. One is for momentum management of wheel-based
systems.* The other is for angular-momentum and nutation control
of spinning; momentum-biased; and dual-spin spacecraft®

The present study is one of a growing number that consider ac-
tive three-axis magnetic attitude stabilization of a nadir-pointing
spacecraft.~!* Reference 5 also should be classified with this group
because it uses similar techniques. Reference 7, the earliest such
study, presents a three-axis proportional-derivative control law. It
computesadesiredtorqueand projectsit perpendicularto the Earth’s
magnetic field in order to determine the actual torque. Projection is
necessary because the magnetic torque vector n,, takes the form

M

where m is the magnetic dipole moment of the torque rods and b is
the Earth’s magnetic field.

Equation (1) highlightsthe principal problemof magnetic-torque-
based three-axis attitude control: the system is underactuated. A
rigid spacecraft has three rotational degrees of freedom, but the
torquerods can only torque about the two axes that are perpendicular
to the magnetic field vector. The system is controllable if the orbit
is inclined because the Earth’s magnetic field vector rotates in space
as the spacecraft moves around its orbit. It is a time-varying system

n,=mxb

Received 20 December 1999; revision received 17 July 2000; accepted
for publication 18 July 2000. Copyright © 2000 by Mark L. Psiaki. Pub-
lished by the American Institute of Aeronautics and Astronautics, Inc., with
permission.

*Associate Professor, Sibley School of Mechanical and Aerospace Engi-
neering. Associate Fellow AIAA.

386

that is approximately periodic. This system’s underactuation and
its periodicity combine to create a challenging feedback controller
design problem.

The present problem is different from the problem of attitude
control when thrusters or reaction wheels provide torque only about
two axes. References 15-17 and others have addressed this alternate
problem, in which the unactuated direction is defined in spacecraft
coordinates. For magnetic torques the unactuated direction is de-
fined in inertial coordinates.

Various control laws have been considered for magnetic attitude
control systems. Some of the controllers are similar to the original
controller of Ref. 7.1%!% Time-varying linear quadratic regulator
(LQR) formulations have been tried,>%!! as has fuzzy control’ and
sliding-modecontrol."> References9 and 13 patchtogethersolutions
of time-invariant LQR problems, solutions that change with time
because the time-invariantsystem changes with time.

The present study makes four important contributions to three-
axis magnetic attitude control. First, it develops a time-varying,
full-state-feedback LQR control law that is based on a constant
approximate solution of the time-varying Riccati equation. Second,
itincludes integratorsin its controller, which counteract the steady-
state effects of disturbances. Third, it develops a way to ensure
stability in the presence of actuator saturation—this is a first for any
time-varying control law, not just for the magnetic attitude control
problem. Last, it evaluates the controllers’ robustness with respect
to parametric model uncertainties.

This paper’s approximate LQR solution is similar to the constant
gain solution that is presentedin Ref. 11. The present development
makes a stronger connection to an underlying periodic LQR prob-
lem. This connection allows the design to be modified so that it can
be guaranteed to remain stable when actuator saturation occurs.

Other studies have considered actuator saturation”!? or integral-
type controller actions.’ This is the first paper to consider them
together. Simultaneous consideration of these issues is important
because integrators can cause stability problems when control sat-
uration occurs.

Some of this paper’s results are also applicable to magnetorquer-
based attitude control of momentum-bias and spinning spacecraft.
Such systems have (almost) periodic models that are similar to those
of the present study, and it is possible to design controllers for such
systems using the new methods that are presented here.

The body of this paper consists of three main sections followed
by a short conclusions section. Section II presents models of the
magnetically controlledattitudedynamicsof a nadir-pointingspace-
craft. Section III develops the theory of asymptotic low-bandwidth
periodic linear quadratic regulation, and it explains how to modify
the resulting controller in order maintain stability when the control
saturates. Section IV applies the periodic regulator to the magnetic
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attitude control problem, and it presents analysis and simulation
results for the closed-loop system.

II. Models of the Magnetic Attitude Control Problem
A. Reference Frames and Orbital Model

In the case of a nadir-pointingspacecraft,it is traditional to define
the vehicle’s orientation relative to the local-level coordinate sys-
tem, which follows the spacecraft around its orbit. The local-level
system’s +z axis points toward nadir and its y axis is perpendicular
to both the nadir vector and the instantaneousorbital velocity vector
as measured with respect to an Earth-centeredinertially fixed refer-
ence frame. The +y axis points toward negative orbit normal. The
x axis, defined by the right-hand rule, points approximately along
the velocity vector.

The other important reference frame is spacecraft fixed. When
the nadir-pointing spacecraft has the desired attitude, this body-
fixed reference frame is aligned with the local-levelreference frame.
Deviations of this reference frame’s attitude from that of the local-
level reference frame are parameterizedby the attitude quaterniongq.
The orthonormaltransformationmatrix from local-levelcoordinates
to spacecraftcoordinatesis a function of ¢: A./u(q) (Ref. 18).

A model of the spacecraft’s orbit is used to compute four im-
portant quantities: the instantaneous Earth-relative position of the
spacecraftrgcgr (f), the instantaneous Earth-relative velocity of the
spacecraft vgcer(?), the inertial rotation rate of the local-level refer-
ence frame expressed in local-level coordinates wy (t), and the or-
thonormal matrix transformation from Earth-centered Earth-fixed
(ECEF) coordinates to local-level coordinates Ay gcer(f). These
quantities depend on the Kepler parameters of the orbit, and they
vary with time.

This study uses two orbital models. One is a Keplerian model that
includes the secular perturbations caused by the Earth’s J, oblate-
ness term. Its mathematical form is presented in the appendix of
Ref. 19. The second model is a simple circular model that neglects
all oblateness effects. It is used for analysis and design calculations
that need to execute rapidly.

B. Nonlinear Attitude Dynamics Model

This study uses a nonlinear rigid-body attitude dynamics model
in many of its simulations. It includes kinematic and dynamic equa-
tions of motion:

0 Wye/m3 “Wse/m2 Wseyni
. 1 —Wse/13 0 Wye/n 1 Wge /112
q=- q (23-)
2 Wye /112 —Wse/ 1 0 Wyc/113
TWse/n1 T Wsem2 T Wse/n3 0
Iw+wxIw=mxb+ng+n, (2b)

where Eq. (2a) is the quaternion kinematic equation and Eq. (2b)
is Euler’s equation of motion for a rigid body. In this model w =
[w1; wa; ws] is the rotation rate of the spacecraft-fixed reference
frame with respect to inertial coordinates. It is expressed in the
spacecraft reference frame. The vector [wse/u1; Wse/u2; Wsensz]l=
{w — A u(g)wn(?)} is the rotation rate of the spacecraft-fixed ref-
erence frame with respect to the local-level reference frame, ex-
pressed in spacecraft-fixed coordinates. The 3 x 3 I matrix is the
mass moment of inertia matrix of the spacecraft. The quantity n,, is
the gravity-gradienttorque, and n, is the net remaining disturbance
torque.

The magnetic field in spacecraft coordinates b is computed us-
ing the spacecraft position, the spacecraft attitude, and a spherical
harmonic model of the Earth’s magnetic field'®:

b = Ay (q) Avjecer ()becerlrecer (), 1] 3)

Note that bgcgr, the Earth’s field in ECEF coordinates, depends on
position and time.

The gravity gradient model computes n, as a function of
the spacecraft’s position, attitude, and inertia matrix: ny, =n,,
[Fecer(t), Ase/n(q@)Aujecer(t), I]. This model includes the J, terms.

The disturbance model includes the aerodynamicdrag torque and
the effects of residual spacecraft magnetic dipole moment:

Ry =Ty derag + Myegiqg X b (4)

In this equation r, is the position vector of the aerodynamic center
measured with respect to the center of mass, fy.,, is the drag force,
and m 4 is the residual magnetic dipole moment of the spacecraft.
These vectors are expressed in spacecraft coordinates. The drag is

Sirag = Asepn (@) Avjpcer @) {—0.5p[recer ) IIvecer @) IVeces ) SCp}
3)

where plrgcer(t)] gives the air density as a function of altitude
from the 1976 U.S. Standard Atmosphere,’ S is the spacecraft’s
aerodynamicreference area, and Cy, is its drag coefficient.

The general Kepler orbital model has been used with this nonlin-
ear attitude dynamics model. Because it includes eccentricity and
secular J, effects, this model is more representative of an actual
orbit. This increased fidelity is consistent with the nonlinear atti-
tude model’s purpose, which is to provide a realistic evaluation of
a controller design’s closed-loop performance.

C. Linearized Attitude Dynamics Model

The high-fidelity nonlinear model in Egs. (2a) and (2b) is too
complicated for use in control design or in closed-loop stability
analysis. Fortunately, a simpler linearized model gives a reasonable
approximation of the nonlinear system over a wide range of condi-
tions, i.e., for attitude perturbations up to 30 deg and attitude rate
perturbations up to half of the orbital rotation rate. The linearized
model assumes a circularorbit, and linearizationis performed about
the equilibrium nadir-pointing attitude. The linearized model is

¢
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In these equations ¢, 6 and v are the roll, pitch, and yaw angles,
respectively, and wy is the orbital rate. [;; is the moment of inertia
of the spacecraftaboutits ith principal axis; o; = (I;; — Iix)/I;; for
the (i, j, k) index sets (1, 2, 3), (2, 3, 1), and (3, 1, 2); b;(¢) is the
ith component of the Earth’s magnetic field vector in local-level
coordinates;and m; is the ith componentof the spacecrafttorquers’
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induced magnetic dipole moment in spacecraftcoordinates. To first
order in the roll, pitch, and yaw angles, the attitude quaternion is
q =[0.5¢; 0.50; 0.5v; 11].

The modelin Eq. (6) includes gravity-gradienteffects, gyroscopic
effects, magnetic control torques, and disturbance torques, just as
in the nonlinear model. Besides linearization, the only other simpli-
fication in Eq. (6) is that the J, gravity-gradienteffects have been
neglected.

This model assumes that the nominal nadir-pointing spacecraft
axes are principal axes. This assumption can be relaxed. In that
case the disturbance torque n, will include some constant gravity-
gradient effects, and the matrices in Eq. (6) will change to include
the effects of cross products of inertia.

This model is in the general time-varying linear system form

x = Ax + B(t)u + B,w @)

where x =[¢; 0; ¥; Oifi1> Ogefiizs wsc/m] is the state vector,u =m
is the control vector, and w = n, is the disturbance vector. The ma-
trices A, B(t), and B,, are effectively defined by Eq. (6). Only the
control effectivenessmatrix B(¢) is time varying. Its time variations
come from the time variations of the magnetic field components
b;(t) fori=1,2, and 3.

The time variations of this system can be approximated as being
periodic: b(t) =b(t + T) where T =2m/w, is the orbital period.
Earth rotation and orbit precession cause small deviations from this
assumption because of asymmetries in the Earth’s magnetic field.
The principal asymmetry is the cant of the main dipole slightly away
from the Earth’s rotation axis.

A dipole approximationof the Earth’s magnetic field, when cou-
pled with the assumptions of no Earth rotation and no orbit pre-
cession, yields the following periodic model for the magnetic field
vector as expressed in local-level coordinates:

b, (1) cos wyt sini,,

oy .
bat) | ==L|  —cosi, ®)
b;(t) 2 sin wyt sini,,

where i, is the inclination of the spacecraft’s orbit with respect to
the magnetic equator and a is the orbit’s semimajor axis. Time is
measured from = 0 at the ascending-nodecrossing of the magnetic
equator. The field’s dipole strengthis j; =7.9 x 10'S Wb-m.

III. Periodic LQR Design in the Low-Bandwidth
Asymptotic Limit
A. Controller Design Rationale

Suppose one is given the periodic LQR problem.
Find:
u(t) for 0<t<T (9a)

To minimize:

T
J = % / [T (v)Ox(t) + u” (v)Ru(r)]dr + %xT(T)PTx(T)
0

(9b)

Subject to:
x=Ax+ B(t)u (9¢)
x(0) given (9d)

where Q and R are constant weighting matrices, Py is the terminal
state weighting matrix, and B(¢) is assumed to be exactly periodic,
i.e., B(t)=B(t + T). It is well known that the solution to this
problem can be expressed in the form of a feedback control law:
u(t)=—R'BT(t)P(t)x(t), where P(t) is the solution of a time-
varyingmatrix Riccatiequation 2! Furthermore, for an appropriately
chosen Py the resulting P () is periodic with period 7. In this case
the solutionis equivalentto the steady-state periodic solution of the
correspondinginfinite horizon problem and leads to a periodic gain
K(t)=K(t+ T)=R~'BT(¢)P(¢). This periodic gain is known to
stabilize the system under appropriate conditions >

A control law of this form is very useful in the context of
magnetic-torquer-based attitude control. Instead of computing a pe-
riodic gain matrix time history K (¢), it is better to express the gain
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as R~!BT (1) P(¢). In this case one can take advantage of the fact
that the B(¢) matrix of Eq. (6) can be computed from magnetometer
measurements of b(¢) and knowledge of the spacecraft inertia ma-
trix. This allows the computed gain to compensate for uncertainty
in the Earth’s magnetic field.

The controllaw u () = —R~' BT (¢) P (t)x(¢) would be even more
attractive for use in a real systemif P (¢) were a constant matrix, i.e.,
if P(t) = P,,. A constant P,; would be much easier to store than a
whole matrix time history. Furthermore, a constant P;; would not
need to have its time variations synchronized with the actual time
variations in B(t). As already noted, the true B(f) is not exactly
periodic. Therefore, synchronization of a periodic P(f) with the
quasi-periodic B(¢) could be difficult.

In summary, this paper envisions a control law of the form
u(t) =—R7'B7(¢) P,,x(t). The only time-varying component of its
gainis the matrix B(t). B(t) is constructed from magnetometer mea-
surements according to its formula in Eq. (6). The constant matrix
P, approximates the solution to a periodically time-varying matrix
Riccati equation. The next subsection will demonstrate conditions
under which such a P;, exists.

This control law is somewhat similar to that of Ref. 7. If R is
a scaled identity matrix, then multiplicationby R~! BY (¢) projects
the control input perpendicular to the local magnetic field. This
projection is accomplished by forming a cross product with the
field vector, as in Ref. 7.

B. Asymptotic Analysis of a Low-Bandwidth Solution
to a Periodic Matrix Riccati Equation

The P(f) matrix is the solution of the following time-varying
matrix Riccati equation:

P(t)y=—P(t)A— ATP(t) — Q + P()B()R™'BT (1) P(t) (10)

For an infinite-horizon problem the steady-state solution can be
found by imposing the following periodic boundary condition:
P(0) = P(T).

Theorem: If the following conditions are met:

1) R =R, /&2, where Ry, is positive definite.

2)[A, Bylis stabilizable,where BoB! = (1/T) fOTB(r) R;'B"@dr
by definition.

3)[A, C]is observable, where CT C = Q by definition.

4) A has no eigenvaluesin the right-half plane.

5) Every eigenvalue of A is unique; that is, there are no repeated
eigenvalues.

Then P(t) — Py, a constant matrix, in the limit as the control
weighting goes to infinity, that is, as ¢ — 0. Note that condition
5) allows A to have complex conjugate pairs of eigenvalues.

Proof: The proof uses a combined Fourier and asymptotic series
representationof P(¢). Start by expressing P (¢) and B(t)RO_1 BT (1)

as Fourier series:
> 2mkt [ 2wkt

P(t)= P+ Z |:Pck cos( T ) + Py sm( >i| (11a)

_ ~ ~ - 2wkt

B()R;' BT (1) = BoBY + ) [Bj.qck cos( - )

k=1
k=1

. 2wkt
+ B,y sin
T (11b)

This is possible because these two matrix time histories are peri-
odic. The matrices Py, P, Py, BOBOT, Bygcx, and By, are constant
Fourier coefficients.

Next, express the Fourier coefficients of P() as asymptotic series
in the small quantity ¢:

Po=8_1P0(—1)+P0(0)+8P0(1)+82P0(2)+"' (12a)

Py = Pck(()) + EPck(l) + 82Pck(2) + -

for k=1,2,3,... (12b)
Py = ka(()) + Eka(l) + 82ka(2) + -

for k=1,2,3,... (12¢)



Next, perform an asymptotic decomposition of Eq. (10) fol-
lowed by a Fourier decomposition. Substitute Egs. (12a-12c¢) into
Eqgs. (11a) and (11b) and substitute the results into Eq. (10). Asymp-
totic analysis dictates that the sum of the coefficients of ¢/ on the
right-handside of the equationmust equal the sum of the coefficients
of &/ on the left-hand side of the equationforall j = —1,0,1,2, ....
Fourier analysis dictates that, in each of the resulting &/ equations,
the sum of the coefficients of cos(2wkt/T) on the right-hand side
of the equation must be equal to the sum of the coefficients of
cos(2kt/T) on the left-hand side. The same goes for the constant
terms and for the sums of the coefficients of sin(2wkt/T).

If onerecognizesthat R~' =&’ R ! then this matching of powers
of ¢ and of cosine, sine, and constant terms yields the following
relationships:

&' eq., constant terms:
0=—Py_A—ATPy_, (13a)
&0 eq., constant terms:
0= —PypA — ATPyq, — Q + Po_1yBoBl Py,  (13b)
& eq., cos(2mwkt / T) terms:
Q2mk/T) Pyy = —PeryA — A"Puyo) + Poccy Bygex Po-1y - (13¢)
&% eq., sin2kt/T) terms:
—Qrk/T) Peroy = = PurioyA — A" Poroy + Po—1) Bsger Pocry  (13d)

The remainder of this proof will show that if P, =&~! Py_1y+
Py, then || P(t)x — Pyx|| is on the order of ¢|| P(t)x||. This is a
good working definition of equivalence between P(¢) and Py as
& — 0 because it implies that u from the approximate control law
u=—R~'B7 () P,,x will approach the exact LQR feedback control
u=—R'BT(t)P(t)x,as e — 0.

Assume, without loss of generality, that A has been diagonal-
ized and that the first p diagonal elements are neutrally stable: A =
diag(Ai, Az, A3, ..., A,), Where real (4;)=0fori=1,..., p and
real(A;) < Ofori=(p+1),...,n.Diagonalizationis possible be-
cause of assumption 5).

Making use of the diagonal form of A, Eq. (13a) becomes

(P}, i+ (P}, G +212)

{150(—1)}12(5»2 + A1) {PO(—l)}zz(iz +A2)

0=

{Pocn ), G+ 20 {Pocn}, G +22)

where {Py_y)};; is the (i, —j) element of Py_,, and the bar over-
strike denotes complex conjugation. The matrix transposeoperation
includes complex conjugation.

Equation (14) implies that the only nonzeroelements of Py, are
{Po—n}ii fori=1,..., p. This is true because (A; + 1 ;) is nonzero
except when i = j < p. The nonzero elements are the diagonal ele-
ments that are associated with the neutrally stable eigenvaluesof A.

The nonzero { Py_1)};; values can be deduced from Eq. (13b):

(P}, = il for i=1,....,p (15

where {B, EOT }ii is the ith diagonal element of the matrix B, EOT
Equation (15) holds because { Py)A + ATPy)}i; =0fori=1, ...,
p,asinEq. (14). Assumption2) of the theorem guaranteesthat these
{B, B(]T}ii values are positive, and assumption 3) ensures that Q; is
positive. Therefore, all of these {Py_1)};; values are guaranteed to
be positive real numbers.

Equation (13b) can also be used to compute all of the elements of
Py o) except for its first p diagonal elements. This factis implied by
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reasoning which is similar to the reasoning that has been applied to
Eq. (14). The fact that { Py_y)};; =0 if either i or j is greater than
p, when coupled with assumption 3) of the theorem, implies that
the lower-right (n — p) X (n — p) block of Py, is positive definite.
This is the block of Py, thatis associated with the stable subspace
of A. It is positive definite because it is the solution of a Lyapunov
equation for a stable (sub-) system.

Equations (13c) and (13d) can be used to show that { Py };; =0
and {Py)};; =0 if either i or j is greater than p. Because
{Po—1)}ij =0 in this case, Egs. (13c) and (13d) can be written in
scalar component form as follows:

(ZFk/T){ka(O)} = _{Pck(())}ij(ii +Aj)

ij
foralli and j suchthati > porj > p (16a)
—(zﬂk/T){Pck(O)}l.j = _{ka(())}l.j(ii +Aj)

foralli and j suchthati > porj > p (16b)

This pair of equations has the unique solution {P.};; =0 and
{Ps0}:j =0 if and only if

27k/T (A + 1)

_ (17)
Gi+r)) —27k/T

It is straightforward to show that this determinant is nonzero if
real(X; + X ;) <0, whichis implied by assumption4) of the theorem
coupled with the condition that max (i, j) > p.

It is now possible to conclude the proof of the theorem. Suppose
that P41 is the p x p upper left-hand block of Py_;). Similarly,
suppose that Py 4(g) is the p x p upper left-hand block of P, that
P,p) is the p x (n — p) upper right-hand block of Py, and that
Pgp o) isthe (n — p) x (n — p) lowerright-handblockof Py,. Then
the forgoing analysis has demonstrated that

(1/8)Paac-1y + Paagy + O(1)  Papg) + O(e)
P = , (18)
PAB(U) + O(e) Pgpy + O(e)

{Pon},, G+ 1)

{PO(—I)}ZH.(XZ"_)W) (14)

{Pocn), G+ 20)

where the notation O(g/) denotes an expression whose highest
power of ¢ is the jth power. Using this formula for P(f) and the
fact that P41y and Pgpg) are both positive definite, it is straight-
forward to show that || P (f)x — P,,x| is O(¢g| P (¢)x||) for allx #0,
which is the effective definition of equivalence between P (f) and
P, as already discussed. Note that

(1/e)Paac—y + P P,
= |: / AA(-1) AA(0) AB(0)1| (19)

T
PAB(O) Ppp)

If x has a component in the neutrally stable subspace of A, i.e., if
any of the first p elements of x are nonzero, then || P (¢)x — P x|| is
O(1) and || P(t)x|| is O(e~"). Otherwise, || P(t)x — Pyx| is O(e)
and ||P(t)x|| is O(1). Taken together, these two facts imply the
desired equivalence condition.

Remarks About the Theorem

Itis probably possibleto relax assumption5) of the theorem. If the
modified theorem is true, then its proof is more complicated, espe-
cially if some of the repeated eigenvalues of A are on the imaginary
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axis. In this case the lowest power of ¢ that appearsin the asymptotic
expansion of Py is ¢~ 2~ (/D) where / is the maximum number of
repetitions of an eigenvalue that is on the imaginary axis.

Computational experience with this technique demonstrates that
the method works when there are repeated eigenvalueson the imag-
inary axis. In fact, it even seems to work if some of the eigenvalues
of A are unstable, so long as they are near the imaginary axis.

The key idea of this theorem is that the closed-loop system re-
sponds relatively slowly compared to the system periodicity 7. In
this case P(t) does not vary rapidly over one period. Therefore, it
cannot vary much from its average value, which is P.

Practical Method for Computing Py

A slightly different approximation of the matrix Ps, can be deter-
mined by solving the following steady-state time-invariant Riccati
equation:

0=—-P,A— ATPXS - Q + P\‘.Y{EBU}{EBO}TP\‘.Y (20)

This equation can be solved using standard software packages. The
control effectiveness matrix is {¢ By}, and the control cost weight-
ing matrix is an identity matrix. From assumptions 1) and 2) of the
theorem, it is possible to calculate {¢ By} from a square-root factor-
ization of the average weighted square of B(f):

T
{eBo{{eBo)" =%/ B(t)R™'B"(1)dt (21)
0

where T is the nominal orbital period. The square-rootfactorization
of the integral can be computed using an eigenvalue decomposition.
The rank of {¢ By} can be greaterthan the instantaneousrank of B (?).
This is true in the magnetic torque attitude control problem.

An asymptotic analysis of this P, shows that [[{e~' Py, +
Py }x — P,yx| is on the order of ¢|[{e™" Po_1y + Pooy}xll, which
means that, for small ¢, the new form of Py, is equivalentto the form
used in the proof. This analysisexpandsthe new P in an asymptotic
series in ¢ that is like the asymptotic expansionin Eq. (12a). It then
derives equations for the coefficients of this series. The first two of
these equations are like Egs. (13a) and (13b). The remaining details
of this analysis are straightforward, and they have been omitted for
the sake of brevity.

This controllerdesign techniqueis similar to one thatis employed
in Ref. 11. There are two main differences. First, Ref. 11 squares
the B(t) control effectiveness matrix twice, once before averaging
and once when it gets used in the time-invariant Riccati equation.
Second, Ref. 11 makes no attempt to relate the solution of its time-
invariant LQR problem to the asymptotic low-bandwidth solution
of a periodically time-varying problem. This relationship can be
an important aid to the development of a method for dealing with
actuator saturation.

After-the-Fact Floquet Analysis

It is a good idea to check the stability of the resulting closed-
loop system. The theorem only says things about the limiting small
& behavior of the system. It says nothing about what constitutes
small. It may be possible to use a rather large ¢ and achieve good
performance. If it remains stable, then the system response s likely
to be faster for a larger value of & because this involves less control
weighting.

A good way to design the controller is to pick the weighting
matrices Q and R, compute P, evaluate the closed-loop stabil-
ity, and tune R accordingly. If the system is unstable, then R
must be increased. The closed-loop system model is x ={A —
B(t)R'BT(t) P,;}x. This is a periodic model, and its stability can
be evaluated via Floquet analysis 2* Floquet stability analysis com-
putes the closed-loop state transition matrix for one period of the
system and verifies that all of its eigenvalues have a complex mag-
nitude less than unity. One can use Floquet analysis to tune Q and
R. One might optimize the speed of response by minimizing the
maximum magnitude of the eigenvalues of the closed-loop state
transition matrix.

C. System Robustness

Such systems can be expected to have a degree of robustness
with respectto system modelingerrors. This is true because the con-
trollers are approximately full-state feedback LQRs. Time-invariant
full-state feedback LQRs are known to possess certain robust-
ness properties?! This robustness should carry over into the low-
bandwidth time-varyingcase becauseit is similar to a time-invariant
system. In the case of the magnetic-torquer-basedattitudecontroller,
there is even more reason to expect robustness. This is so because
the BT (¢) matrix that is used in the control law is derived from mag-
netometer data, which contains very little modeling error, only that
which results from small measurement inaccuracies.

D. Design for Control Saturation

Control saturation occurs when any component of the computed
u vector exceeds the maximum that is permitted by the actuators,
i.e., [(u);| > (Upmax); for some i. Any practical controller must be
designedto behave stably if this occurs. It is notalways obvioushow
best to deal with this situation, especially if the feedback controller
includes integrators.

Reference 24 presents a method for dealing with control satura-
tion in the context of time-invariant LQR controllers. Its approach
exploits the fact that an LQR-based controllerhas infinite gain mar-
gin. That is, if the control law u = — K x stabilizes the system and if
K has been computed by solving an LQR problem, then the control
law u = —a Kx will also stabilize the system for any positive scalar
o intherange 0.5 < o < 00 . For alla > 1 the modified controlleris
the solution to a modified LQR problem.

Reference 24 designs an initial LQR that has a very low band-
width. If the system has no open-loop eigenvalues in the right-half
plane, then K can be made arbitrarily small by this method, and
the nominal LQR control law can be made to function stably in an
arbitrarily large region of state space without violating any of the
limits |(#);| < (4may);. Unfortunately, the resulting controller will
have poor performance close to the origin of the state space because
u will be very small in this region.

The technique goes on to use the infinite gain margin of the LQR
in order to recover good performance near the equilibrium. It does
this by scalingthe controllaw by a factoro > 1. It first tries anominal
value of « that is much larger than 1, call this . If this produces a
controlinputthat does not violate any of the bounds | (u);| < (tmax )i»
then o is used. Otherwise, it scales @ down from « until all of the
feedback control inputs respect all of the saturation bounds.

This same technique can be used for the problemat hand. A time-
varying LQR of the form u = — K (¢)x has the same gain margin as
a time-invariant LQR. [It is easy to demonstrate this by using the
Lyapunov function V = 0.5x" P (#)x along with Eq. (10) to show that
dV/dt <0forall ¢ intherange 0.5 < o < 00.] Forany « > 1 a mod-
ified time-varying control law of the formu = — a K (¢)x will be the
solution to a modified time-varying LQR problem and will stabilize
the system. To design its control saturation logic, the asymptotic
periodic LQR starts by using a very large R matrix in its design.
This yields a P, matrix and a control law u = —R~! BT (1) P,,x that
satisfies the no-control-saturation criterion in a very large region
of state space. To speed the system response near the state-space
origin, the control law scales up the gain according to the following
rules:

Upom = _OIOR_I BT(t)vax (223)
}3 — max |(unnm)i| (22b)
i (umax)i
- {”"“‘“ b=l (22¢)
(l/ﬁ)unnm if 1 < ﬂ

where oy > 1 is the scaling factor that increases the response speed
near the equilibriumand g is an inverse scaling factor thatkicks in if
saturationoccurs. Using Lyapunov techniqueslike those of Ref. 24,
the sped-up system with its saturation logic can be shown to be
stable for the same large region of state space that is guaranteed to
be stable if the slow controlleris used.



Even when the linear system model that is used to design K (¢)
is only an approximation of an original nonlinear system, it is rea-
sonable to use the infinite gain margin of the time-varying LQR to
develop this saturation logic. According to Eqs. (22a-22c), a large
gain margin is required only in the region of state space that is near
the equilibrium of the nonlinear system. This is acceptable because
the linearized model constitutes a good approximation of the non-
linear system in this region.

IV. Application to the Magnetic Torquer
Attitude Control Problem

The asymptotic periodic LQR technique has been applied to the
magnetic-torquer-based attitude control design problem. This sec-
tion describes how it has been applied, and it presents analysis and
simulation results for two different spacecraft configurations.

A. Incorporation of Integrators in the Design

Integrators are often used in feedback control systems. They can
eliminate the steady-state effects of constant disturbances. For the
magnetic attitude control problem the use of integratorsis challeng-
ing becauseof the system’s time variationsand especiallybecauseof
the underactuationissue: One cannot totally counteractthe effects of
a constantthree-axis disturbancetorque because the magnetic toque
is constrainedto be perpendicularto the Earth’s field. Nevertheless,
integrators are useful because they enable the controller to coun-
teract the average steady-state effects of any three-axis disturbance
torque. This feature eliminates pointing biases from the system.

Integrators can be added to the controller via state augmentation.
Supposethatx,,, =[z; x], wherexisthe 6 x 1 state vectorassociated
with the linear model in Egs. (6) and (7) and z is a 3 x 1 vector of
integrals of the attitude errors:

t
zi(t)=/xi(r)dr for i=1,2,3

Then the augmented state-space model takes the form

. 0 [I33,0] 0 0
xa“g:[o A }xa““[mn}”[&,]w @)

where the matrices A, B(t), and B,, are the same as in Egs. (6)
and (7). This system is a periodic time-varying linear system of the
same form as in Eq. (9¢). Although assumption 5) of the theorem is
violated by the repeatedeigenvaluesat the origin, computationalex-
perience has shown that this system admits the design of asymptotic
low-bandwidth periodic LQR controllers.

The inclusion of integrators cannot eliminate the effects of time-
varying disturbances. Such disturbances can arise from solar radi-
ation pressure, from the effects on the drag torque of atmospheric
density variations, and from any residual magnetic dipole moment.

B. Nominal Controller Designs for Two Different
Spacecraft Configurations
Configuration A
The first spacecraft for which a controller has been designed
has three-axis gravity-gradient stability. Its inertia matrix is I =
diag(8.7, 10, 6.5) kg-m?. Itis a box of dimension 0.7 m along the roll
axis,0.6m alongthe pitchaxis,and 0.9 m alongthe yaw axis.Its orbit
is circular with an altitude of 600 km and an inclination of 90 deg.
An asymptotic periodic controller has been designed for this
spacecraft. It uses the design that accounts for control saturation.
Its slow LQR controller, the one that gets used when far from the
equilibrium, has been designed using the following cost weighting
matrices:

0 =diag(1.5x 1075, 1.5x 1077, 1.5 x 1078,
0.1,1.0,0.1,0.1, 1.0, 0.1) (24a)

R =diag(6.2 x 107,6.2 x 107, 6.2 x 107) (24b)

The units of Q are 1/(rad-s)* for the first three diagonal elements,
1/rad® for the middle three dia gonalelements,and (s/ rad)? forthe last
three diagonalelements. The units of R are all 1/(amp-m?)?. During
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unsaturated operation, i.e., when operating near the nadir-pointing
equilibrium, fast controller response is achieved by scaling up the
slow-controller’s gain by the factor g =2500.

The fast response of this periodic system is good. Its one-orbit
state transition matrix has a maximum eigenvalue magnitude of
0.57.This translatesinto a settling time constantof 1.8 orbits, which
means that all transients will settle to less than 2% of their initial
values in about seven orbits if control saturationdoes not occur. The
motion associated with this slowest transient response is primarily
coupledroll and yaw. This designuses a value of «, the gain scaling
factor for small amplitude motion, that minimizes the upper bound
on the absolute values of the eigenvaluesof the closed-loopsystem’s
one-orbit state transition matrix.

The eigenvalues of the actual system state transition matrix are
relatively near to those of the state transition matrix for the aver-
aged time-invariant closed-loop system whose LQR solution was
used to determine P,. Recall that this time-invariant system is the
one whose Riccati equation appears as Eq. (20). This nearness of
eigenvalues demonstrates that the time-invariant averaged model is
a reasonably good approximation of the time-varying system when
the closed-looptime constants are on the order of one or two orbits.

Configuration B

The spacecraft for this second case has roll and pitch gravity-
gradient stability, but its yaw motion is neutrally stable. Its inertia
matrix is I = diag(250,250, 10) kg-m?, and its rectangular form has
roll, pitch, and yaw dimensions of 0.5, 0.5, and 3.4 m, respectively.
It is in a circular orbit with an inclination of 57 deg and an altitude
of 657 km. It is like the spacecraft that was considered in Ref. 7.
The weights that have been used to design its slow LQR controller
are

0 =diag(1.5x 1078, 1.5x 10°%, 1.5 x 1078,
0.01,0.01,0.01, 1.0, 1.0, 1.0) (25a)

R =diag(4.9 x 10*, 4.9 x 10*,4.9 x 10*) (25b)

where the units in Eqs. (25a) and (25b) are the same as in Egs. (24a)
and (24b). The scale-up factor that it uses to achieve fast control
response near the equilibrium s oy = 8130.

This system is not quite as fast as the other one. The maximum
eigenvaluemagnitude for its one-orbitstate transition matrix is 0.76.
This translatesinto a slowest time constantof 3.7 orbits and an upper
bound on its 2% settling time of about 14 orbits. Similar to case A,
the slowest mode is primarily roll-yaw motion. In contrastto case A,
the actual periodic system’s state transition matrix eigenvalues are
not as similar to those of its time-invariant approximation, and the
chosen value of oy does not quite minimize the worst-case settling
time—the minimizing oy would be about 16,000 in this case.

C. Robustness with Respect to Parametric System Uncertainty

An important aspect of any controller design is its tolerance of
uncertainty in the open-loop system model that has been used to
design it. This is especially so in the present situation. Simplifying
assumptions have been made about the magnetic field model, yet
underactuation causes the controller to rely on model predictions
about the field’s future pointing directions.

Stability robustness has been investigated by calculating the sys-
tem state transitionmatrix for various cases thatinvolve model error.
The one-orbitstate transition matrix is calculated for the closed-loop
systemmodelx = [Aun — Biun () R Bixea (f) Py Jx. The matrices
Apun and By (2) are defined by the true orbit, the true spacecraft
inertial properties,and the true magnetic field. The By.q (f) matrix
time history is based on the true magnetic field and the controller
design model of the spacecraftinertial properties; this is consistent
with the assumption that magnetometer measurements and an iner-
tial model will be used to construct Byixeq () on orbit. The P, matrix
is the result of design calculations that use the matrices A 040 and
Bioae1 (), which are based solely on a design model of the orbit, of
the spacecraftinertial properties, and of the magnetic field.

Various types of parametric uncertainty between the model and
the true system have been investigated. The orbital altitude has
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been perturbed 100 km. The orbitalinclinationhas been perturbed
430 deg for the case A system and +20 deg for the case B system—
this latter system should not be expected to work for inclination
perturbations that make its inclination too low because the system
is almost uncontrollablein pitch at zero inclination. Perturbationsin
the overall inertia levels of £30% have been tried. Also tested have
been perturbationsin the ratios of principal inertias that range up to
+25%. Some case A inertial perturbations caused libration period
variations that were as large as 43% of the corresponding nominal
period. Some of the case B inertia ratio perturbations were large
enough to destabilize the open-loop system.

This study has considered two types of discrepancy between the
modeled and truth magnetic fields. One is a perturbationin its period
of up to £7%. This is representative of one of the effects of Earth
rotation. The other discrepancy is an addition of higher harmonics
to the truth field model. Fourier terms out to five times the orbital
frequency have been added. Although not taken directly from a
spherical harmonic Earth magnetic field model, these terms have
been sized to approximate the effects of the higher harmonics that
exist in the Earth’s field.

Both cases exhibit robust stability for all of the parameter sets
that have been considered, 16 sets per case. In all mismodeling situ-
ations the fast-system closed-loop state transition matrix is stable—
recall that the fast system is the one that uses o to speed up the
response. The slow system, the effective system when large ampli-
tude response causes extreme control saturation, is stable for most
of the parameter sets that have been tried. For the case A system
the slow system is stable for all parameter variations. The case B
system exhibits instability in three scenarios, but instability occurs
only for very large state amplitudes that cause the inverse scaling
factor B to be 127 or greater—review Egs. (22a-22¢). One sce-
nario is when the true altitude is 100 km higher than the modeled
altitude, and the other two scenarios occur when the yaw inertia fac-
tor oyaw = (Lo — Ipicen)/Iyaw varies by 0.1 away from its modeled
value of 0.

The bottom line on robustnessis that the system has been shown
to remain stable for a wide range of orbital and inertial variations if
the nominal closed-loopresponse has been designed to be relatively
fast. When very large state perturbations cause extreme levels of
control saturation to occur, then in some cases the resultant slow
system will be somewhat less robust to parameter uncertainty. At
these large state perturbations the system is likely to experience
other problems as well, problems such as large modeling errors as a
result of a breakdown of the linearization assumption that has been
used to derive the control law.

This robustness investigationdoes not amount to a mathematical
proofofrobustnessforall systems withina givenregionof parameter
space. Such a proof is beyond the scope of this paper. Instead, it
represents a practical demonstration of robust performance for a
finite representative set of parameter variations.

D. Nonlinear Simulation Results

A number of nonlinear simulations have been run for cases A
and B. The nonlinear simulations test four aspects of system perfor-
mance: 1) its responseto the real magnetic field of the rotating Earth,
whichis nota dipole and which is not quite periodic;2) the effects of
system nonlinearities,including the attitude kinematic and dynamic
nonlinearities of Eqs. (2a) and (2b) and the control saturation non-
linearity of Eqs. (22a-22c); 3) its ability to counteract disturbance
torquessuchas thosecaused by drag and by residual magneticdipole
moments; and 4) the impact of small orbital perturbations such as
eccentricity and the secular J, effect.

Both systems perform well in a wide range of situations. They
both show good transient response that agrees with the predictions
of their linear models when not in a saturated situation. Both sys-
tems are able to converge from large initial attitude and rate errors.
These large initial conditions test both the functioning of the control
saturation logic and the efficacy of linear control of this nonlinear
system. Both controllers showed good steady-stateresponse to dis-
turbance torques

A simulation example of the case A systemis presentedin Figs. 1
and 2. Figure 1 presents the roll, pitch, and yaw angle time histories,
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Fig. 1 System A pointing error time histories that start with 30-deg
initial errors on all three axes.
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Fig.2 Controlinput time histories for the system A example that starts
with 30-deg initial pointing errors on all three axes.

and Fig. 2 presentsthe correspondingmagneticdipole moment feed-
back control input time histories. This case is one that starts with
a large initial attitude error, about 30 deg per axis, and with initial
attitude rate errors in the range —0.03 to +0.03 deg/s. These rate
errors are on the order of half the orbital rate. These large initial
conditions cause controller saturation, as evidenced on Fig. 2—the
value of U, =0.03 amp-m? in this case. Nevertheless, the system
successfully converges to its equilibrium response in a little more
than a day.

In this simulationcase there are significantdiscrepanciesbetween
the simulation model and the model that has been used to design
the controller. In addition to the field model differences, there are
differences in the orbit and in the spacecraft inertias. Thus, this
simulation demonstrates the controller’s robustness.

The residual system oscillations after 30 h are caused by the
disturbance torques. The average drag torque is 1.6 x 1077 N-m
aboutthe pitchaxisand 1.0 x 10~7 N-m about the yaw axis, whichis
somewhat conservative for this configuration. In addition, there are
oscillatory disturbance torques from the drag (caused by the orbital
eccentricity of 0.002) and from a residual magnetic dipole moment.
These oscillatory torques have peak-to-peak amplitudes as large as
3 x 1077 N-m. The closed-loopsteady-stateresponseis unbiasedon
all three axes with maximum pitch and roll errors of 0.7 deg and a
maximum yaw error of 1 deg. In open-loop operationthe mean drag
torque alone would have produced mean roll, pitch, and yaw errors
0f 0, 0.5, and 7.8 deg, respectively. This controller greatly improves
the system’s yaw accuracy at the expense of slightly increased roll
and pitch errors.

The response of system B to large initial errors is depicted in
Fig. 3. As in Fig. 1, the initial attitude errors are about 30 deg on
all three axes, and the initial rate errors are in the range —0.02 to
+0.03 deg/s. This systemtakes longer to settle down, butitis clearly
stable. The dipole moment control input time history, not shown,
displays saturated operation for the first 81 h of this transient. The
value of U,y 18 0.1 amp-m2 in this case. As in Fig. 2, the saturated
response is oscillatory, like bang-bang control. It is remarkable that
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Fig. 3 System B pointing error time histories that start with 30-deg
initial errors on all three axes.
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Fig.4 Transient and steady-state pointing error time histories for sys-
tem B, an example that includes an unmodeled residual magnetic dipole
moment and a moderate level of drag torque based on the given space-
craft size.

the controllerconvergesat all in this case. Recall that the yaw mode
for this design is neutrally stable. When combined with the inte-
gral action in the controller, the entire yaw subsystem is a series
of three integrators. Such systems are very hard to stabilize when
there is control saturation, even in the time-invariant case. What
is more, the yaw mode’s three repeated roots at the origin violate
assumption 5) of the theorem. The ability to converge for this situ-
ation demonstrates that the proposed method is a powerful tool for
attitude controller design.

System B’s steady-state response to disturbances is shown in
Fig. 4. This example has mean drag torques of 7.3 x 10~7 N-m
about the pitch axis and 2.6 x 10~7 N-m about the yaw axis.
These torques are consistent with the size of this spacecraft and its
likely aerodynamic-center-to-center-of-mass offset. The maximum
steady-state roll, pitch, and yaw errors are 0.6, 0.4, and 0.4 deg,
respectively. These roll and pitch errors are significantly larger than
would be caused by the drag torque in an open-loopsituation, but the
yaw error is much lower. It would be infinity in open-loop operation
because the yaw mode is neutrally stable.

Much of the oscillatory steady-state response in Fig. 4 results
from the way in which this quasi-three-axissystem deals with a true
three-axis disturbance. In the process of nulling out the average ef-
fects of the constantdrag torque, the controllerinduces oscillations.
A good controller design will induce relatively small “side-effect”
oscillationswhile it counteractsa given constantdisturbancetorque,
but there will always be some minimum level of oscillation.

An unmodeledresidual magnetic dipole moment also contributes
to the steady-stateattitude oscillationsshown in Fig. 4. The residual
dipole moment for this example has a norm of 0.016 amp-m?, which
equals % of un,x, and it gives rise to oscillatory disturbance torques
as large as 1 x 10~ N-m peak to peak. The controlleris not so good
at dealing with this type of oscillatory disturbance.

In principle, a magnetic-torque-based controller should be able to
completely counteract this disturbance. It would need to use some
sort of estimator of the residual dipole moment in order to better
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null out this disturbance effect. Such an addition to the controller
logic might be very important because residual dipole moments can
be much larger than the levels used in this study.

V. Conclusions

This paper has shown how to design a class of stabilizingattitude
controllers for nadir-pointing spacecraft. These controllers use only
magnetic actuation. Their control laws are designed using a new
type of periodic linear quadratic regulator whose Riccati equation
solution is approximated by a linear time-invariant solution for an
averaged system. The resulting full-state feedback controller de-
rives its periodicity from the time-varying control influence matrix,
which can be derived from onboard magnetometer measurements.
The controllers use integrators in order to counteract steady-state
disturbancetorques, and they employ a type of saturation logic that
maintains stability by using the infinite gain margin property of
linear quadratic regulators.

This technique has been applied to two example systems, both
of which have only magnetic actuation and no wheels or gravity
gradient booms. The controller’s performance has been studied via
analysis and simulation. The system has been shown to be robust
with respect to modeling errors in the magnetic field, the spacecraft
inertia matrix, and the orbital properties. The system can converge
from attitude errors of 30 deg per axis and attitude rate errors equal
tohalfthe orbitalrate. It canachieve pointingaccuracieson the order
of 0.5-1.0 deg for spacecraftdesigns that have reasonable levels of
drag torque.

This system may be an attractive alternative to a gravity gradient
boom or a set of thrusters. It can provide more accuracy for less
weight than can a gravity-gradient system, and it does not expend
fuel like a thruster system.

The techniques developed in this paper also can be applied to
momentum bias systems and other similar systems. They may prove
helpful in such systems by increasing the pointing accuracy or by
decreasing the required wheel size for a given level of accuracy.
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